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1 Introduction 



The present work is the first of a series in which a suitable reformulation of the gauge 
procedure is exploited for dealing with classical non-relativistic systems. In particular, this 
is the first of two papers in which the gauge technique is applied to extended Galilei group. 
The general scope of this treatment is to reformulate firstly standard Newton's theory 
as a general manifestly- covariant Galilean gauge theory, and, secondly, to seek possible 
generalizations of it. 

As is well-known, a geometrical four- dimensional formulation of Newton's gravitational 
theory has been developed already in the thirties by Elie Cartan More recent formu- 
lations of the classical theory of gravitation in geometrical terms have been proposed by 
Havas ||, Anderson [[|, Trautman Q, Kiinzle f| and Kuchaf ||. Analyses of the classi- 
cal theory as a non-relativistic limit of general relativity has been made by Dautcourt |7]], 
Kiinzle ||, Ehlers ||, Malament || and others. In all these papers, the Newtonian theory is 
reobtained by describing its inertial-gravitational structure in terms of an affine connection 
compatible with the temporal flow and a rank-three spatial metric h^ v '. While the curva- 
ture of the four-dimensional affine connection is different from zero because of the presence 
of matter, the Newtonian flatness of the absolute three-space is guaranteed by the further 
requirement that Poisson's equation be satisfied, in the covariant form R pv = 47rGp{z)t fl t u , 
where R^ v is the Ricci tensor of the affine connection and p{z) is the matter density. In this 
way the four-dimensional description is dynamical, while the three-dimensional one is not. 
A further typical feature of this geometrical formulation is the fact that, unlike the case 
of general relativity in which there is a unique compatible affine connection, the curved 
four-dimensional affine structure can be separated out in a flat affine {inertia!) structure 
and a gravitational {force) potential; this splitting, however, cannot be done in a unique 
way, unless special boundary conditions are externally provided. 

While the four-dimensional point of view about Newton's theory shows remarkable 
geometrical insights and even provides a better foundation for Newtonian kinematics than 
does the traditional point of view (see, in this connection Earman and Friedman ||10||), it 
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does not lend itself to any easy generalization. And since what we want to obtain in the end 
is precisely a true generalization of Newton's theory allowing for a dynamical three-space, 
we will adopt here a completely independent procedure based on a three-dimensional level 
of description from the beginning. With this in view, the present paper should be read 
also as a first necessary step towards the searched generalized formulation. Our approach 
develops through the following steps: 



(1) First, we exploit the gauge methodology originally applied by Utiyama [TT] to 
the Lorentz group within the field theoretic framework, in order to find all the inertial- 
gravitational fields which can be coupled to a non-relativistic mass-point. To achieve this 
result, we apply a suitably adapted Utiyama procedure to the Galilei group. Specifically, 
we consider a Galilei invariant Action corresponding to the projective canonical realiza- 
tion which describes a free particle of mass m. The requirement of invariance (properly 
gttasz-invariance, according to what usually obtains in the case of groups with non trivial 
cohomology structure) of the Action under localized Galilei transformations, leads directly 
to the following results: (a) the introduction of eleven compensating gauge fields (one more 
than the order of the standard Galilei group due to the central extension of it); (b) the 
characterization of their Galilean transformation properties, and ; (c) the explicit form 
of the Action describing the dynamics of the mass-point interacting with the gauge fields 
playing the role of external fields. A geometrical interpretation of these latter fields is then 
exhibited by evidentiating their relation to the so-called Galilei and Newtonian Structures 
studied by Kiinzle || and Kuchaf ||. 

(2) Second, we look for a possible field Action capable of describing the dynamics of 
these fields. In realizing this program we are guided by the following facts: (a) The non- 
relativistic limit of the relativistic Lagrangian for a mass-point in a pseudo-Riemannian 
space is precisely the Galilei matter Lagrangian we have already obtained through the 
gauge procedure; (b) the non-relativistic limit of Einstein equations leads to the geometric 
Cartan structure with Newton's equations; on the other hand: (c) none among the existing 
four- dimensional formulations of Newtonian gravitation is cast in a variational form. 
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The explicit construction of the fundamental Galilei Action is performed by matching 
the results obtained through the above gauge technique and a suitable non-relativistic 
limiting procedure (for c 2 — > oo) from the four- dimensional level. Precisely, the limiting 
procedure is applied to the Einstein-Hilbert-De Witt action for the gravitational field plus 
a matter action corresponding to a single mass point, under the assumption of the existence 
of a global 3+1 splitting of the total Action, and of a suitable parametrization of the 4- 
metric tensor in terms of powers of c 2 . Once the expansion in powers of 1/c 2 is explicitly 
calculated, we make the Ansatz of identifying the wanted Galilean Action A with the zero th 
order term of the expansion itself. 

The resulting Action contains 27 fields, i.e., 16 fields over and above the gauge fields 
obtained through the gauge technique. These fields are not coupled to matter and lack a- 
priori any definite transformation property. Their role is nonetheless essential (in the spirit 
of the Einstein-Kretschmann debate[|T2J, one would say) as auxiliary fields, to the effect 



that they guarantee a Galilean general- covariance of the three-dimensional theory (where 
of course the absolute nature of time is preserved). In fact, once appropriate transformation 
properties for the auxiliary fields are postulated, the fundamental Galilei Action turns out 
to be quasi-invariant under the local Galilei transformations. 

As expected, a constraint analysis shows that the theory has no physical field degrees of 
freedom so that it is essentially Newton's theory expressed as a gauge invariant theory or, 
stated in other words, as a theory cast in a form valid in arbitrary (absolute time respecting) 
Galilean reference frames. This formulation implies, of course, flatness of the three-space 
metric (expressed through the vanishing of the three-dimensional Ricci tensor: = 0) 
and validity of the Poisson equation in a suitable Galilei-covariant form (see Section 7.1). 
As far as we know, a manifestly-covariant formulation of Newton's theory of gravitation 
has never been proposed until now. 

In Section 2, the free mass-point realization of the extended Galilei group is expounded 
together some preliminaries and notations. Section 3 is devoted to the gaugeization of the 
group: gauge compensating fields and their group transformation properties are derived 
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by imposing quasi-invariance of the action. The equations of motion of the mass-pont in 
presence of the gauge "external" fields are discussed in Section 4 together with a proper 
characterization of the relations between various kinds of "observers" and "forms" of the 
fields. Section 5 is dedicated to a summary of the known facts about Galilean and Newto- 
nian geometrical structures and to the correspondence between these latter and our gauge 
fields. In section 6 the main Ansatz for the selection of the fundamental Galilean Action is 
discussed. Section 7 is devoted to a discussion of the constraint analysis of the covariant 
form of Newton's theory in arbitrary - absolute time respecting reference systems (Section 
7.1) and in Galilean reference systems (Section 7.2), respectively. 



2 Preliminaries on the Galilei free mass-point realiza- 
tion 

The Lagrangian and the action for a free non relativistic mass-point can be written, 

L M = ^mSijx'x 3 , A M = dt L M , ^ = j J' i ^ j ) ' ( 2 ' 1 ) 

respectively. 

The variational principle 8 Am = 0, with variations which vanish at the end points, gives 
the Euler-Lagrange equations: 

cr dL M d dL M x ..jo n , n oA 

£d = — — - . = —mdijX J =0 , (2.2) 

dx % dt dx % ^ ' v > 

where = means that the equality is satisfied on the extremals. 

The infinitesimal Galilei transformations of the configuration variables will be written 

as: 

f St = -e 

Sx i =e { + c jk i to j x k - vH (2.3) 
Sx l = c^u^x k — v l , 

where e,e % ,i>j % ,v % are the infinitesimal parameters of time translation, space translations, 
space rotations and pure Galilei transformations (Galilei boosts), respectively, and the c^'s 
are the standard structure-constants of the SO (3) group. 



We remark that, for a given infinitesimal time transformation t —* t* = t + 8t, f(t) —* 
f*(t*), the symbol 5 means Sf(t) = f*(t*) — f(t). On the other hand, the equal time 
infinitesimal transformation will be denoted by Sof(t) = f*(t) — f(t) = Sf — St ■ -£ . 
The equal-time configuration variables transformations corresponding to the transformation 
r3D are: 

r 



S Q x" 
k Sqx* 





e % + c jk l u j x k — tv l + ex 1 
c jk l Lu j x k — v 1 + ex 1 . 



(2.4) 



Note that, while 8n commutes with time derivative, so that 



df{t) d 

5o ^r = Jt 5 ° m 



(2.5) 



we have instead 



■ dm 

dt 



d 



dt 

Sf(t) 



dt 2 
df(t) d{St) 



(2.6) 



dt dt dt 

Finally, notice that, since the Galilei transformations are not, in general, fixed-time trans- 
formations, the variation of the action must be explicitly written in the form: 



AS 



M 



t-2 



dt 



d 

6L M + L M —dt 
dt 



t-2 



dt 



SqL m + ^-(L M 5t) 
dt 



(2.7) 



Under the transformations (|2.3|), we have: 



AS 



M 



dt 



d_ 

dt 



(—mSi 



iX l V J 



(2.8) 



so that the action ( [2.1|) results quasi-invariant under them. As a consequence of this 
quasi-invariance of the action, we have the Noether identity: 



G = -5 x l £d=0 



(2.9) 



where the constant of the motion G is given by: 



G = M Sqx 1 — eL M + mSijX % iP . 
ox 1 



(2.10) 



Before proceeding, let us fix some notation in connection with more general classes of 
functions that we will have to consider; precisely: 1) f(z,t), with z and t independent 
variables; and 2) f(x(t),t). 



The variations in case 1) when t — > t* = t + St, z — > z* = z + 5z, will be denoted by 



5/OM) = f*(z*,t*)-f(z,t) 
S f(z,t) = f*(z,t)-f(z,t) = 



SfXz,t)- d JW±Sz k - d J^St 



(2.11) 



dz k dt 

On the other hand, in case 2), it is convenient to distinguish three kinds of variations: if 
' t -»• t* = t + 5t 



x(t) 

we shall define: 

Sf(x(t),t) 
S f(x(t),t) 

$o[t)f(x(t),t) 



x*{t*) = x(t) + Sx(t) = x(t) + S x{t) + ^^St , 

(XL 



f*(x*(f),t*)-f(x(t),t) 
f*(x(t),t)-f(x(t),t) = 



(2.12) 



Sf(x{t),t) 



dx k 

r( X *(t),t)-f(x(t),t) 



df(x(t),t) 
dt 



St 



(2.13) 



Sf(x(t),t) - 



df(x(t),t)dx k (t) , df(x(t),t) 



dx k 



dt 



Of 



St 



Let us now turn to the Hamiltonian formalism. The canonical momenta and the Hamil- 
tonian function are (f(p,q) denotes a function in phase-space), 

9L M 



Pi 



H = Pii 1 - L M = ^ S ij piPj , 

respectively. Then, the conserved quantity G becomes: 

G = sH + e i p i + u i J i + v i K i 

= eH + (rf — tv l )pi + mSijV l x j =0 



(2.14) 



(2.15) 



where, for future convenience, we have introduced the infinitesimal transformation descrip- 
tors 

rftf) =e* + c jk i u j x k . (2.16) 
From Eq. ( P-15| ), we obtain the following independent constants of the motion: 



H , pi , Ki = mSij x J -t pi , Ji = c^xPpk ■ 



(2.17) 



The constants of motion ( 2.17 ) provide a projective canonical realization of the Lie 
algebra of the Galilei group in terms of Poisson brackets: 



where: 



{}c h n} =v t 

{JCi,Vj} =8 i5 m 

{nJj} =c l3 k V k 

{JdtJj} =c i3 k K k 



H = H , Vi= pi , Ki = Ki , Ji = Ji 



(2.18) 



(2.19) 



Alternatively, the realization can be considered as a true realization |L3| of the centrally- 
extended Galilei group via the central charge M. = m . 

The generator of the equal-time Galilei transformation in phase-space, say 5q, is given 
by the expression G defined in eq.( |2.15|) . We have 

( 5 t = 



5 x i 



{x\ G} = e—S ij Pj + 
m 



(2.20) 



5 x' 



5 x l = 5x l + ex 1 . 



P=8Lm /dx 

Notice that, within the Hamiltonian formalism, the variation d~ x l can be obtained only by 
using the equations of motion. In fact, we have: 



9 4^x* - 1,' - ex* 
ox k 



O U r- 

= —6pj 
m 



d -^x k - v < - e^Eq 
ax k m 



(2.21) 



p=8L M /8x 

Under the transformations Q2.4j) , which are the configuration-space analogues of the trans- 



formations (|2.20 ), we have: 

A«S M 



it dt dt \ £Lm ~ mSij 



(2.22) 



The resulting Noether's constants of the motion are clearly the same as those associated 
with the transformations Q2.3p and ( |2.20| ). 



This complication can be easily avoided by turning to a re-parameterization invariant 
formulation of the free mass-point system. Using coordinates t(X), x l (X), the Lagrangian 



S 



and the Action become 



Lm{\) -~ 2 m ^ 



= [ X2 d\ L M (X) , 

J Ai 

respectively, where /'(A) = ^/(A). As before, in this enlarged space, we can define again an 
infinitesimal transformation 5 and an "equal-A" one, say So- The associated Euler-Lagrange 
equations and canonical momenta are 



(2.23) 



d_ 

dX 



mS ij x ,i (X)x ,j (X) 

5ijx' j (\) 
m- 



=0 



(2.24) 



E = — 



t'(X) 

dL _ mS ij x' i (X)x' j {X) 



dt> 



2 t' 2 (A) 



S ij PiPj 



dL _ 
Pl ~dx"~ m t'(X) 



2m 

= mSijX^t) = pi , 



(2.25) 



respectively, where we have defined the Poisson brackets so that: 

{t(X),E(X)}> =-1 
{x%X),p 3 (X)}> =5) . 



(2.26) 



In the enlarged phase-space, coordinatized by (t, x l , E, pi), we obtain a vanishing canonical 
Hamiltonian and the first-class constraint 



X = E- —S ij pipj « . 
2m 



(2.27) 



The constraint \ generates the following transformation of the configurational variables: 
S t(X) = — a(X) , 5 x*(A) = — a(X)-^5 l ipj. This is the re-parameterization gauge transfor- 
mation A — > A — a(X)/t'. The Lagrangian is obviously quasi-invariant under this operation 
since: 



X t d 
dX 



-a(X) 



J M 



(2.28) 



The canonical generators of the extended Galilei algebra are now: 



H = E , Vi= pi , JCi = m Sij x 1 - t pi , Ji = c^x^pk , M = m . 



(2.29) 
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and satisfy the Lie- algebra ( p. 18 ) with the primed Poisson-brackets ( 2.26Q . Consequently, 
the generator of the complete phase-space Galilei transformation 5 j which is now given 
by: 

G = eE + e i p i + u i J i + v i k i 

= eE + [rf — tv l )pi + m5ijV l x j , 

yields the following "equal-A" infinitesimal transformations: 



(2.30) 






{t , G}' = -e = 5 t = 5t 

{x\ G}' = e % + c jl ?ui j x k — tv l = 5 x l 



(2.31) 



5x l 



which coincide with the transformations 



We have now 5op t 



So 



p=dL m /9x' 

On the other hand, under the transformations ( |2.31| ), it follows: 



without any use of Euler-Lagrange equations. 



S L 



M 



d_ r 
dX 



-mbi^x 1 



and 



5oX = 



(2.32) 



(2.33) 



so that the canonical generators ( ^.29[ ) are again constants of the motion. Furthermore, 
the first-class constraint is Galilei invariant, and the quasi-invariance of the Lagrangian is 
an effect of the central- charge term alone. 



3 "Gauging" the extended Galilei algebra for the free 
mass-point 

We proceed now to gauging the Galilei transformations along the standard line of Utiyama 
|TT||. Since the Newtonian time is absolute, the most general finite transformation allowed 
for the time coordinate is of the form t —> t' = t + f(t) . Therefore a first guess of how to 
gauge the group amounts to replace the complete infinitesimal generators ( p. 15 ) and ( |2.30| ) 
with: 

G = e(t) H + s i (x, t) pi + uj\x, t) Ji + v\x, t) Ki 

= e(t) H +\rf{x,t) — tv l (x,t) ]pi + m 5ijV l (x,t) x j , 
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and 

G =E(t)E + E i (x,t)p i +U i (x i t)J i + V i (x,t)k l 

= e(t) E + [if(x, t) — tv l (x, t)) pi + m 5ijV l (x, t) x j , 
respectively, with e independent of x, and 

rf(x,t) = e'(x,t) +c jk i uj j (x,t) x k . (3.3) 

Notice that we have not absorbed the term tv l (x, t) into rf{x, t) , as it would be natural 
from the point of view of the configuration space. Actually, this would not be as much 
natural in phase-space and, in addition, from the group-theoretical point of view, it would 
be confusing: it would mix the role of the central charge with that of the three-dimensional 
Euclidean subalgebra. 



We see from Eq.( |3.1| ) and Eq.( |3.2| ) that gauging the extended Galilei algebra in the 



case of the mass-point realization is equivalent to gauging the algebra generated by en- 
ergy (respectively time-translation, within the re-parameterization invariant picture), linear 
momentum, and the central-charge M. = m, with parameters e(t) , rf(x,t) — tv l (x,t) , 
SijV l (x,t) x J , respectively. 

Corresponding to the complete generator , we obtain: 
' S t =0 

fa* =e(t)^ + r ] i (x,t)-tv i (x,t) , { ' iA) 
m 



and 



d d 
SoPi = Pkg-lvHx^) ~t v k (x,t)} + m g~ [5i k x l v k (x,t)] 

5 H = —5 ij Pi5pj 
m 

d 

5 Ji = c ij k p k [rf{x,t) - t v J (x,t)) - % kx3 Vr~^ [V r (x,t) - t v r (x,t)} 



d_ 

" " <)? 



-m Cij k x j — [5i m x l v m {x, t)} 
d 



(3.5) 



S Ki = e(t) Pi + t Pk —[7] k (x,t)-tv k (x,t)} 

d 

+m5i j [rf(x,t) -tv J (x,t)} - m t—[5i m x l v m (x,t)} . 
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Finally, using = mb~ijX,i , we obtain 



r m 

5 x i 





e(t)x l + rf{x, t) — t v l (x, t) 
j t [e(t)x t }+x k -^[r ] i (x,t)-tv l (x,t)} 
+^[rj i (x,t)-tv i (x,t)} . 



(3.6) 



Eqs.( |3.6|) reduce to Eqs.( [2.4j) in the limit of global flat symmetry and they can be taken 
as a definition of the Galilei gauge transformations in configuration space. Notice that the 
quasi-invariance of the Lagrangian under the global flat transformations is now broken and 
that S pi\ Pi=m s ij±3 is not equal to 5 [m(%i; J ] . 

On the other hand, within the re-parameterization invariant picture, corresponding to 
the complete generator (|3.2|), we get: 



5 A 
S t(X) 
<W(A) 

h'(x) 

5ox' l (X) = x'^^x^-tv^x^+t'^ix^-tv^x^t)] 





-e(t(X)) 

rf(x, t) — t v' l (x, t) 
, de(t(X)) 



-t 



dt 



and 



± g g 

5oPi = -p k Q-^[n k (x,t) -t v k (x,t)] -m— [5 lk x l v k (x,t)] 

5 E = E^+p—irj^x^-tv'ix^+m^x^ix^)} 



5oJi 



5 JCi 



d 



CijPk[v 3 (x,t) -t v J (x,t)\ - Cij k x 3 p r — [rf{x,t) -tv r (x,t)\ 
g 

-mc y k x J [S lm x l v m (x,t)] 
g 

e{t)pi + tp k — [r] k (x, t) - t v k (x, t)} 

g 

+m5ij[r] j (x,t) - t v j (x,t)] - mt——[Si m x l v m (x,t)} . 



(3.7) 



(3i 



dx % 



In conclusion, from Eq. (|3.6| ), we see that x(t) undergoes a time- dependent general Eu- 
clidean coordinate transformation (although deformed by an effect from Galilei boosts) plus 
a velocity-dependent transformation induced by the condition Sot = . On the other hand, 
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from Eq. (|3.7|) , we see that t(X) undergoes a transformation which does not involve the 
Euclidean coordinates and, simultaneously, x(X) undergoes a time-dependent general Eu- 
clidean coordinate transformation (still deformed by an effect from Galilei boosts). Being 
a consequence of the absolute nature of the Newtonian time, these features do not appear 
in the gauging of the Poincare realization corresponding to the free relativistic mass-point 



with Lagrangian L M = —mJr] tlu x'^(X)x' u (X) (see, for instance, Actually, the gaug 



ing of the Poincare transformations induces a general coordinate transformation of x M (A) 
which is indistinguishable from the simple gauging of the space-time translations alone. 
As well-known, the gauging of the Lorentz transformations is made evident by means of 
the "soldering procedure" which amounts to say that the vectors belonging to the tan- 
gent bundle of the curved space-time must transform as four vectors under "local" Lorentz 
transformation. The "soldering" is done by means of a set of vierbeins E^(x) so that 
the flat transformation x ni — > x' v + e^x'^ (where e? v are the parameters of the Lorentz 
transformations) is replaced by E^(x)x /M — > E^(x)x /M + e s B Ei^{x)x" x '. 

We want to discuss now the problem of the invariance (possibly quasi-invariance) of the 
Lagrangian with respect to the local Galilei transformations just defined. In the Newtonian 
case, unlike the relativistic one, the absolute nature of time prevents us from using the 
standard "soldering" procedure, if not for the Euclidean subalgebra generated by Vk and 
Ji. Actually, while the effect of the space rotations in the term r] l (x,t) is indistinguishable 
from the effect generated in it by space translations, the effect of "local" space rotations 
and translations can be distinguished for three-vectors by introducing the "soldering" with 
dreibeins E*(cc, t). Notice, however, that further complications arise here from the fact that 
the general Euclidean transformations are time-dependent and that time translations and 
Galilei boosts introduce new terms into the transformation of the velocity. Accordingly, 
the rule for the transition from the global flat transformation of three- velocity to its general 
transformation is obtained by defining uj a (x, t) = E?(sc, t)u) l (x, t), and by imposing, within 
the two alternative pictures introduced above, the following transformation properties 

d 

[ex"] + c ij n, u J x n " — v° 

(3.9) 



5 0[t] [E^] = j t [eE^] + c bc a u b E^ + [7] 
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5 x H = c^x'X-vH' 

where the question marks in Eqs.fl3.9p and ( |3.10p stand for possible terms connected to 



time translation and Galilei boosts: this point will be settled later on. 

By means of the invertible dreibeins E", a Euclidean metric in the three-space is natu- 
rally introduced in the form 

6^ ^ gij = foEfEj , (3.11) 
while the inverse metric can be likewise defined in term of the inverse dreibeins H l a (H^E^ 1 = 



5$, H*E| = <Jj) as: 



8V^g* = S*H$li , g^g jk = 5l . (3.12) 



Let us now discuss, within the standard picture, the issue of the invariance of the 
Lagrangian under the newly introduced local transformations, by considering first the local 
time-independent Euclidean transformations Sq ] (e = 0, v l = 0, uj % = uj 1 (x), e l = e t (x)); 
then pure time transformations 8q ] (e = s(t), v l = 0, of = 0, e % — 0), and the combination 
of both 5 l o ] and say 5 l et] (e = e(t), v l = 0, u* = uj\x), e l = e\x)); finally the 
most general transformations including local time-dependent Euclidean transformations 
and Galilei boosts. 

i) In the case of local time-independent Euclidean transformations 5q , defined by e = 0, 
v l = 0, u l — uj 1 (x), e % = e l (x), we have: 

S l o ] x l = x'-^^ + c/u^x)^] 

±k HM ; (3 ' 13) 

dx k 

where rf [e] (x) = e l {x)-\-c^ i u 3 '(x)x l is the restriction of rf{x, t) to time independent Euclidean 
transformation. Then, by imposing 

^[E^^c^^fE^] , (3.14) 

it follows: 

tfJjtjEfOM) = ^E?(M) + ^j^^V 

dx (3.15) 
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i.e. 

5 ok E i = ~ d - I W~ n + C "^ X ^ - E tM x ) ■ ( 3 - 16 ) 



in agreement to the conventions established in Eqs. (|2.13| ). It is then immediately seen that 
the invariance of the Lagrangian under time-independent local Euclidean transformation 
can be recovered by means of the substitution: 

x { E?z* , (3.17) 

which leads to 

L M = \m5 ij x i x^ ^L% ] = im^E^Ej^' 

1 -i-j [O.LO) 



In fact, since the transformation rules for the three-dimensional metric field (|3.11|) are given 
by: ^ 

°o[t]9ij - o g i:j + g ijtk r) [e] {x) g~i~9kj d^j~ 9ik ' l d ' A9 J 

(which are the correct infinitesimal transformation properties of a covariant second-rank 
three-dimensional tensor), it follows: 

<% L M = . (3.20) 
Therefore, the preliminary guess for the gauging of the Galilei transformation (see Eqs. [3.1| , 



3^4[ - |3.6| , or p.2| , |3.7| and |3.8|) is made geometrically consistent by replacing the flat metric 



5ij and <5 U in those formulae by g^ and g % \ respectively. 

Within the re-parameterization invariant picture, the invariance is recovered by the 
corresponding substitution, 

x !i => Efx* (3.21) 



which leads to 



-awfw - l ^9ijx'\\)x ,:> {X) 



L M {\) =► L 9 m (A) = -m »' J " v . (3.22) 



In fact, from Eq.( |3.19| ) with S^L formally replaced by fe-L, it follows: 



M = • (3.23) 
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ii) Consider now the pure time-translations 5$. For the sake of simplicity, we shall confine 
to the re-parameterization invariant picture. We have: 



Stfx* = . 



which, in turn, gives: 



(3.24) 



It is immediate to see that, by means of a einbein substitution of the form 

t' =>. &(t)t' , (3.25) 

the Lagrangian: 

Lm (A) = 2 m ^ww~ ' ( } 

is invariant under the transformations % ] , provided we impose: 

:*] 

)[A] 



5§ x] [&(t)t'] = , (3.27) 



$jj A] 6(t) = $6(f) - = e(0e(0 ■ (3.28) 



iii) We can summarize the results found up to now in the re-parameterization invariant 
picture, by saying that the modified matter Lagrangian 



Lm (A) = 2 m e(t)t'(\) 

is strictly invariant under the local transformations: 



6 l fH 


= 


- ~<t) 


S l o t] x l 


= Stfx* 


= vU( x ) 


S l o t] t' 


= $1? 


= -e(t)t' 




= S^x' 1 


= x a k 
ox k 



if we adopt the following transformation rules for the fields: 



°o[A]y»j 



_ po _ 

— O 0[A] rj j 



= 5! e] 



0[\]9ij 



dx k 
dx i 



E« + c bc a u; b (x)Et 



-9kj 



dxi 



~9ik 



(3.29) 



(3.30) 



(3.31) 
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iv) Finally, we have to show that the invariance (possibly quasi-invariance) of the matter 
Lagrangian under the most general transformations, including local time-dependent Eu- 
clidean transformations and Galilei boosts, can be recovered by introducing four additional 
external fields, say A (x,t), Ai(x,t). Within the re-parameterization invariant picture, our 
scope will be achieved if we succeed in defining a new matter Lagrangian L 9 M such that: 
a) under the gauge transformations ( |3.7| ) and the corresponding transformations induced 
on all the additional fields, be quasi-invariant in the form: 



5 m L M - — 



(3.32) 



b) its global flat limit, together with that of its transformation properties, coincide with 
the expression flPD and ( gjp , respectively 



First of all, in order to reproduce the cocycle term of Eq.( p.32|) in the global flat limit, 
T will be chosen as T = —mgijV % xK Then, the matter Lagrangian will be defined as 



L 9 M {\) = -~ )/-,•'•"•'•'•' + 2^x'V + 2A t't / 



(3.33) 



Second, since we have to preserve the transformation properties of E", and already 
established for the case v l (x,t) = in Eqs.( |3.3i| ), we shall assume 

dO{t) 



dt 



5 0[x] e =s e-e(ty 

= mm 

8 0[X] E? =8 E« + El k rj k (x,t) 
= c bc a u\x,t)E1- 



9Ej 

dt 



s(t) 



(3.34) 



i>,„ MTr , df] k (x,t)_ Ea 



Sa[\]9ij = $09ij + 9ij,kV k ( x , t) ET £ (*) 



dt 

dr] k (x,t) dr] k (x,t) 



where we have introduced the notation fj k (x,t) = i] k (x, t) - tv k (x,t). Then, the quasi- 
invariance ([3.32 ) of the matter Lagrangian ( |3.33|) is guaranteed if the additional fields 



9kj 
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A (x,t) , Ai(x,t) transform as follows: 



^0[X]A 



^0[A]^4j 



£ at + hjV 

OA- 

5 Ai - e^- + Aijf} 3 



(3.35) 



9ij- 



~~ dx i 



3 dx { a " J dt 

Notice that the fields E*, g^-, O, A and Aj have the global flat Galilean limits 8f, <5y, 1, 
and 0, respectively. Here, the A^s play the role of the components E°(sc) of the relativistic 
vierbeins, while the two fields and Aq correspond to a splitting of the vierbein component 
Eq(x), as it will be clear later on. 



In a similar way, it can be seen that, within the standard picture, the Lagrangian 

1 m 



L 9 M (t) 



2 



gij± l iP + 2Ai± l + 2v4 c 



(3.36) 



is quasi-invariant nude? the field transformation rules ( 3.34 ), (|3.35| ), with 5o = 5o, and the 
mass-point coordinate transformations given by ( |3.6|) , in the sense that we have 

9 



$o{t]L g M 



dT_ d[L 9 Mi 
dt dt 



so that 



AS 9 M 



1-2 



dt 



dT d[eL 
dt dt 



Afl 



. 



(3.37) 



(3.38) 



The condition for the invariance of the theory under the gauged Galilei transformations can 
now be easily formulated also in the Hamiltonian formalism. From Eq.( [3.33| ), we get the 
following expressions for energy and linear momentum 



E 

Pi 



3L g 



M 



dt' 



1 m ,i ,j m 

x - -Ao 

m 



(3.39) 



- (qnx a + A^') , 
dx n Qt' v yy 1 i ' 

while the first-class constraint ( |2.27p becomes 



Xg 



1 





E + -A„ 



i] r 



9 
2m 



m 



Pi A 

" \ 



P.i 



m . 

— Aa 

3 



(3.40) 
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Since, under the transformation (|3.8| ) (with <5y =>- g^), we have: 



- 

r 



Pi - q A 



^o[A]@ + Q^m5 [A]-4o 



(3.41) 



m 



m 

^ ~ q A i 



— Tfl A 777/ A 

5 Pj - q^o[a]^ + ^AjS 0[x] e 



(3.42) 



the invariance of the constraint 

which is the Hamiltonian analogue to the invariance of the Lagrangian, is guaranteed if the 
fields transform according to 

' 8 [x] 6 = e(t)Q(t) 
$o[\]9ij 
do[\]A 



dr] k (x,t) dr] k (x,t) 

9kj aZl 9kj 



dx i 



gijV l x J 



(3.43) 



So[\]Ai 



eA - A 



dfj 3 



d 



9ij dt e <)r> 



9ijV l x 3 



Note that since 

5f(x(t),t) = 5 0[x] f(x(t(\)),t(\)) 
Eqs. (|3.43| ) can be easily adapted to the standard picture. 



(3.44) 



Let us remark in addition that were it not for the presence of the einbein G, the modified 
Hamiltonian constraints fl3.40| ) could have been made invariant only in the week sense 

$0{X]Xg = £Xg - 0. 



Finally, the cocycle term which appeared in a generic form in the transformations (|3.35| ) 
of the fields Aq and Ai, is now explicitly determined (up to a constant) in a form which 
reproduces the standard expression in the global flat Galilean limit. This is due to the fact 
that the Hamiltonian formalism of the reparemetrization invariant scheme requires a first 
class constraint which, in absence of external fields, says that the Galilei Casimir invariant 
representing the internal energy (E — ^5 lJ PiPj) is equal to zero. 



In presence of external fields, the constraints given by Eqs.( |3.40| ), says again that the 
Casimir invariant vanishes. This is clearly a consequence of the fact that time is absolute 
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and of the fact that preservation of the constraints (i.e. of the vanishing of the Casimir 
invariant) is possible only provided the projective realization is taken into account through 
the cocycle terms in Eq.( |3.43| ). The analogue of this phenomenon in the standard La- 
grangian picture is expressed by the fact that the identification of the total energy in 
different coordinate systems connected by general Galilean coordinate transformation re- 
quires explicitly the appearance of the cocycle term within the transformation rules of the 
relevant quantities. On the other hand it is obvious that the cocycle term is not associated 
to actual forces since it appears in the variation of the Lagrangian as a total derivative 
irrelevant for the equations of motion. 

4 Dynamics of a mass-point in the external "gauge" 
fields 

We want to discuss now the equations of motion of the mass-point acted upon, as a test 
particle, by the newly introduced compensating external fields. For the sake of simplicity, 
we will use the Lagrangian in the standard picture: 



-g ij x i x j + Aii 1 + A 



(4.1) 



Upon variation, we get the Euler-Lagrange equations: 





x 1 + T l kl x k x l 



e 

+g ij 



x l + g t3 Aj 
~ dA _ dJ^ 
dxi dt 



dt. 



+ 9 l 



dA l OA, 



where: 



r! 



" i / j 



dxi dx l 



x 



(4.2) 



(4.3) 



is the three-dimensional metric affinity of g^. 

Let us stress that the function Q(t) which appears in the Lagrangian (|4.1| ) and in the 
equations of motion (|4.2|) has no real dynamical content. In fact, by redefining the evolution 
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parameter t and the field Ad, according to 

T(t) 
A 

At 





Ao 

02 
.4; 



dre(r) 



(4.4) 



it follows: 



d 2 x % 



+ r 



kl 



dx k dx l 
dTdf 



'.i 



-9 



' 
dgji dx l 



+ 9' 



dT dT 

dA OA, 



OA, OA 



dxi dx l 



dx l 
dT 



dxi dT 



(4.5) 



In order to gain a better physical insight, we will discuss the standard Newtonian gravi- 
tational problem in general Galilean coordinates. Before doing that, let us reproduce in our 
notations the Kuchaf 's classification of the relevant reference frames obtained by passive 
coordinate transformations: 

1) non rotating observers: = 1, A; = 0; 

2) rigid observers, = 1, = 5y (an example belonging to this class is provided by 
eqs.( [4.19"D below; Wheeler' definition of Galilean observer is a subcase of rigid observers, 
see eq.(4.22); 

3) freely-falling observers: Q = 1, A = 

4) Gaussian (freely falling, non rotating) observer. = 1, Aj = 0, Ao — (these are the 
analogues of the Fermi- Walker observers in general relativity); 

5) Galilean observers (rigid, non rotating): = 1, = 5y, A = 0, A = —tp: they are 
called absolute Galilean observers by Wheeler [13] and inertial by Levi-Civita 

6) inertial observers (rigid, freely falling, non rotating): = 1, gij = 5ij, Aj = 0, Ao = 0; 



Let [y a ,t] be the coordinates used by a Galilean observer (rigid and non-rotating). 
Newton's equations can be written: 

where <p(y, t) is the gravitational potential satisfying the Poisson equation (A = d^didj) 

A<p(z, t) = AnGm5[z - y(t)] . (4.7) 
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This situation corresponds to: 



9 



9ij 



'1,31 



A = -(p, 



Ai = 



(4- 



Eqs.( |4.(j| ) and ( |4.7| ) are form- invariant under the group of Galilei transformations Q2.3| ) that 
connect Galilean observers. In particular, the gravitational potential is a scalar under these 



transformations (see for example Wheeler [15[] §12.17). 



Let us perform now a passive transformation to an arbitrary coordinate system (T, £ a ): 

(4.9) 



T(t) 



We have: 



■2 ca 



dT 2 



1 

1 



x l x° + 2-4-x ! + 



(9x 



dx l dx^ dx i dt 
and, after some algebraic manipulations, using Eq, 

Q x i Q2^a 



dtdt 



(4.10) 



x" + 



Qya Q x kQ x l 



x l x J 



dx l 


d 2 i a i d 2 i a ' 
2 x 1 
dx l dt dtdt 


Qya 


dx l 


T 


dx { dt 


Qya 


T 


dxi f2 S ab d V 


dy a 




dy» ' 



(4.11) 



where x means derivation respect the evolution parameter t. The identification of the equa- 
tions ( |4.11| ) and ( f4.2| ) expresses the non-relativistic equivalence principle which is implicit 
in the application of the gauge technique to a space-time symmetry group. We have: 

=f 

de ^ de 



9ij 

9 ij 
A 

A; 



6, 



ab 



s 



ab 



dx l dxi 
dx % dxi 



hi 



dx\ 
dx % 



di a di h ' " a dy a 
• 2 1 d?d£ b 

ab dx^~dt ■ 



(4.12) 
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Note that 

A=^(A*-<rA i A i ) = -<p (4.13) 

Then this last combination of the fields A$ and Ai has to be identified with Newton's 
potential, while the A{S are inertial fields. 

Let us remark that, while the Poisson equation ( |4.7| ) can be rewritten in the new 
coordinates z b — > £ b (z',t) in the form 

1 d 



47rGm5[z' - x(t)] , (4.14) 



this equation does not determine the gravitational potential since this latter is not a geomet- 
rical object and its functional form must depend on other fields. Therefore, the transformed 
Poisson equation ( [4.14[ ) cannot be considered the equation for the field Aq in an arbitrary 



reference frame and its integration cannot give rise to a term like ^ab%r^r, as it should 
be according to Eq. ( |4.12| ). Instead, it is the quantity A of Eqs.( |4.13|) that plays now the 
role of the Newton's potential (p. Then Eqs.([4.l4]) can be rewritten in the form 



1 d 



r- a dA 



-4irGm5[z' - x(t)} . (4.15) 



The existence of the cocycle terms in the transformation rules of the potentials (see 
Eqs.( |3.43| )) does not invalidate the non-relativistic equivalence principle since, as shown 
at the end of the previous section, it affects only the definition of the total energy in 
different coordinate systems. The dynamics of a mass-point in the above external fields 
can be made Galilean-generally-covariant only if the second Galilean Casimir invariant 
(E — P 2 /2m) vanishes, as in the flat case. 

Let us consider now various cases of passive coordinate transformations. For instance 
the kinematical group of passive coordinate transformations for the rigid observers (i.e., an 
arbitrary rigid but rotating frame). First, there are the Galilean coordinate transformations 
(according to Wheeler's terminology), which preserve the rigid and non- rotating character 
of the coordinates: 

f t -»• t-e , e = cost. , , 

\ y a -f i a (x,t) =R a i x i + e a {t) , R" = cost. . y ' 
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We have now = 1, g^ 
correspondingly modified. 



-<p 



l6 ab e a e b , Ai = 5 ab R?e b , and Eq.(p]) is 



These results can be obtained as a particular case (R° = 0) of the passive coordinate 
transformation corresponding to an arbitrary rigid and rotating motion 



y 



t-e 

i a {x,t) = R a i {t)x l + e a {t) . 



In this case we have: 



~dt 

d 2 l a 

dx^dt 



E?(x,t) = R£(t) 
R%(t)x j + e a (t) 
RJ(f) 

B2(t)x* + e°(t) , 



and Eqs. (|4.12|) become: 



6 

A 



dg 



13 ' dt 
1 



o ; r; 



if + -S^x 3 + e a ][R b x 3 + e b 



Ai = 8 ab Rt[R b j x^ + e b ] 
Then, the equations of motions take the form: 



x 



5 ik 
5 ik 



dA k dA 
dt dx k 



+ 



dA k 8Aa 



dx 3 dx k 



x 3 



- 5 ah Rte b - 26 ah R a ,R b x j 



Q x k J ab^k t ^ab^k^j" 



Rajj>b I T>a,T>b 



2 5ab 



Rarya t> a t> a 



X J 



Since the angular velocity vector can be expressed as 



(4.17) 



(4.18) 



(4.19) 



(4.20) 



= - e krs S ab R a r (t)R b s (t) , 
the physical meaning of the various terms can be immediately identified as follows: 



(4.21) 



r dA h dA; 



m 



-\x 3 



dxl , dx k 
r dA k dA 

m 



dt 



dx k 



2mR'j(t)Rl(t)x j = 2m[uj A x] k (Coriolis force) 

~ m ~Q~k (gravitational force) 

— m5 ab R k £ b (translational inertial force) 

+m[uj A (a; A x)] k (centrifugal force) 

+m[uj A x\ k . (Jacobi force) 



(4.22) 
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Finally, the equations of motion, which are the transformed of Newton's equations (4.6) in 
this generalized reference frame, are: 

mx k = -m5 kl ^-m5 kl Rfe a + m[Cu A(Cu Ax)] k + 2m[Cu AS} k + m[^ Ax} k . (4.23) 

On the other hand the Kinematical group of the subclass of rigid observers, called Galilean 
by Wheeler, is defined by Eqs. Q4.16l) . Finally, the Kinematical group of Galilean observers 
(Wheeler's absolute Galilean) is defined by R® = const and e a = const. 

When R" = 0, the modification of Eq. Q4.6| ) is due only to the translational-inertial 



force. Of course, corresponding to a transformation of the form ( |4.9| ), metric, affinity, 
and dreibeins are equivalent to the global flat ones and therefore do not represent true 
additional dynamical variables. It will be interesting to see whether it is possible to build 
up a Galilean theory in which the metric and the fields Ai assume an intrinsic dynamical 
content. This question will be dealt with in the following Sections. 



5 Galilean limit of the relativistic mass-point theory 

In order to understand the generality of the results so far obtained, it is profitable to make 
recourse to the axiomatic formulation of the so-called Newtonian space-time structures and 
to reconsider our formulation as a suitable non-relativist ic limit of a Poincare invariant 
theory. Axiomatic formulations of the possible geometries of Newtonian space-times has 
been introduced by Havas 0, Trautman |^,Kunzle ||,and Kuchaf ||. 

Following Kunzle, we define: 



• A Galilei structure over a four-dimensional manifold V is a pair (W, t u ), where 
is a symmetric covariant tensor of rank 3 and t M is a 1-form having the property 
that is the generator of the kernel of W, Vx G V. 

The triple (V; W, t u ) is called a Galilei Manifold. A vector is called a unit 
time-like vector if uH^ = 1, and a contravariant tensor is called space-like if it vanish 
when contracted with on any index. 
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A linear symmetric connection is called a Galilei connection V if it is defined on 
a Galilei manifold (V; h^ u ,t u ) and satisfies 

V,/*"" = V„^ = . (5.1) 

It can be shown that such a connection exist if and only if tp is a closed 1-form and 
it is uniquely defined up to an arbitrary two-form x according to: 

r% r =r% r +t f) h a rxrr+tyh a >xpfi > (5-2) 
where are the connection coefficients and 



T%= h ap 



.-y -,<■ .»• .., 'T ' /.i • < h p (ph^ tj9«") ; (5.3) 

here u a (u a t a = 1) is an arbitrary given time-like unit vector field, and 'jap is the 
associated covariant space metric defined by 

7aX = and lapl ^ = € - t a u p . (5.4) 

• A symmetric Galilei connection V is called Newtonian, and the quadruple (V; W, t u ; T) 
is called correspondingly a Newtonian Manifold, if the two-form x m Eq. (|5.2|) is 
closed. 

• Newtonian manifolds in which tp is also exact will be called Special Newtonian Man- 
ifolds: the hypothesis that tp be an exact one form implies the existence of a global 
absolute time. The standard Newtonian connection is indeed obtained by choosing 
Xaf3 = f,at/3 — ffita where ip is the Newton's potential. 

• Finally, the covariant space metric can be introduced by means of the relations: 

h h up = 5 P — t u p 

i^fivn Up LpU ,g 

hp U u u = . 

It is clear that the contravariant metric allows to assign lengths to space-like vectors 
but no lengths whatsoever to time-like vectors. These being the premises, we have: 

1) the field equations, i.e. Newton's law of gravitation A(p = ArrGp (p mass density), 
can be rewritten as R a p = AirGptatp; 
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2) the matter Lagrangian for a mass-point, in the given Newtonian space-time, is (see 
Ref. i): 

A M = J d\L M (\) , 
m ( 1 



■>M 



2 \t p x' p I ^ 



7 lft IV 

n nu x x 



imp 



(t p x' p ) . 



(5.6) 



Note that only within Special Newtonian Manifolds the first of Eqs. (|5.6|) can be rewrit- 
ten in the form A M = J dTL M (T). 

At this point, if our fields gr^-, 9, A i} A are supposed to be resident within a Special 
Newtonian space-time, it is easy to make all the identifications which are relevant to our 
formulation. In particular, in a convenient coordinate chart x p = [t; x k ] of the Special 
Newtonian space time, we have: 



<P 



[V 



oJo 



[6(t);0] = [T;0]=t At 



_g* 



2 9 



dt 
Aj,k 



1 dQ 

e ~m j 
- A kj + 



OA. 



dxi 



[Voll 

so that the Lagrangian ( |5.6|) becomes: 

1 m 



dg 



dt 



9ij 



[Vol! 
[Vol! 



[V 



nk 



g rs A r A s Aj 
A> 

i c/e 
o 

. 



(5.7) 



T 9 



t p x' p 2 

' -1 



h pu x x — miptpX' 



ip 



m 
Qt' 



-gax' x J + Aix't' + A t't 
2 



(5i 



which is precisely our Lagrangian ( |3.33|) (see also Eqs. (|4.12j) ). 



We are now in a position to perform (see for example |14|) in a general way the non- 
relativistic limit of the mass-point Lagrangian that is invariant with respect to the Poincare 
group gauged a la Utiyama. We have: 

T Rg 



-mcd -g pu x lll x' v , 



(5.9) 



where we we have assumed the (— 1,+1,+1,-|-1) convention for the signature of the metric 
5V- 
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In order to perform the limit, we must write the explicit dependence of the metric tensor 
on c 2 (c velocity of light). As shown by Dautcourt j7j,Ehlers || and Kiinzle |17|], the correct 
parameterization to start with is: 



g^v = -c t p t v + g 



p,v j 



and, for the inverse metric, 



From the relation 



9^9^ = ^ , 



we see that, at first order in 1/c 2 , the following identities are fulfilled: 



9 



up 





ij fith^ ttj. 



(5.10) 



(5.11) 



(5.12) 



(5.13) 



Therefore, in the limit c — > +oo, we must identify with the Newtonian space metric 
and t fM t u with the Newtonian time metric. 

All the objects of the standard (Special Newtonian Manifold t p = t tfJ ) Newtonian theory 
can then be reconstructed by the relations: 



o " 
u v 9 

h" u 9 



up 



1 

2 if t iP 



(5.14) 



vp 



h 



6% - t >p kT t v 

o 

/</■ g i_w 2y? t.jit.u 

o 

that give the expressions <p, u^, W, h pi/ as functions of t M and g pv . The fields so defined 
automatically fulfill all the conditions required for the underlying space-time to be a New- 
tonian manifold. Within the coordinate chart used in Eqs.( |5.7|) , it results 



g p,v hfiu 



2<^e 2 o 
o o 



(5.15) 



By inserting the metric tensor ( |5.10| ) into the relativistic Lagrangian ( |5.9| ) and taking 
into account Eqs. (|5.14j ), the expansion in terms of c 2 becomes: 

1 m . 



—mt x 



+ 



h^yX x — m if t tP x 



IP 



+ 0(1/ c') 



(5.16) 
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We see that the zero— order part in c 2 , reproduces the matter Lagrangian ( |5.6| ), while 



is. 



the coefficient of c 2 (which in the adapted frame ( |5.7| ) becomes 
within the standard picture, the central charge — m© of the extended Galilei Group (— m 
if one chooses t = T). 

6 Searching for field equations 



The expressions of the fields appearing in Eq.( |4.12j ) are the generic-frame expressions of 



external fields resident in a spatially flat Newtonian space. On the other hand, having in 
mind the relations among the three-dimensional gauge fields that we have introduced and 
the four-dimensional metric, as contained in Eqs. (|5.7|J5.10| , |5.14] ), it seems natural to look for 



dynamical field equations in three dimensions by exploiting some limiting procedure over a 
four-dimensional theory. Now, let us observe that the contraction c — > oo from the Poincare 
algebra to the extended Galilei algebra is a well defined procedure in the case of the single 
mass-point that we have studied in the previous section, due to the fact that the action 
is a Poincare invariant: it amounts indeed to a uniquely defined contraction on the scalar 
representation. On the other hand, the field equations of motion do not transform like 
a scalar representation and it is well known that contracting a non-trivial representation 
is a delicate matter: a-priori, different contractions of the same equations could result. 



Therefore taking into account the fact that the Galilean matter Lagrangian (5.6) is nothing 



but the zero th order term of the 1/c 2 expansion ( |5.16| ) of the general relativistic mass-point 



Lagrangian, we will build up the wanted Galilean variational problem by means of the 
zero th -order term of the 1/c 2 expansion of the full four-dimensional Einstein-Hilbert action 
for the gravitational field plus a single mass-point |]IB|| : 

~3 



s = S F + S 



M 



16nG 



J d A z^g 4 R-mc J d\ y /-g fa/ x" 1 x"' (6.1) 



First of all, we shall restrict ourselves to globally hyperbolic space-time manifolds for 
which a global 3+1 splitting exists. The associated action principle will be formulated by re- 
expressing the Einstein-Hilbert Action (|6.1|) in the form given by Arnowitt-Deser-Misner 
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fT9fl and De-Witt f2"0fl . This is tantamount to assume the existence of an absolute-time 
foliation of space-time (t = t{z^)) and of a global coordinate system in which t }fl = (6(£), 0) 
as in Eq.([5.6|). In such a system, must be of the form of Eq. ( [5.10| ) with t^ = t tfl and 
the integration measure d A z can be rewritten as dtd?z. 



Then, owing to Eqs.( |5.7| . |5.10| . |5.14| ), we can put 



9iw 



and 



1 /iv 



+ 







e 2 o 




-c 2 















i 







c 2 e 2 



2A Aj 

A-i gij 



2« ctj 



l -g jk A k 

-g ik A k g lk gi\ lkl + A k A t ) 



Pi 



1 


A ... 


c 4 4 





(6.2) 



(6.3) 



While some terms of order c~ 4 do contribute to the zero th order term we are interested 
in, no term of order c~ 6 can survive the contraction, so that they will be ignored from 
now on. Note that the parameterization ( |6.2|) of g^ u is the most general one which can 
be locally connected to the flat Minkowski metric 77^ by means of a general coordinate 
transformation. By relaxing this last restriction, i.e. allowing for B = Q(t,z), one obtains 
a parameterization of g^, which needs also a Weyl transformation to be locally connected 
with 77^. This corresponds in some way to allow for a classical analogue of the dilaton degree 
of freedom dynamically interacting with the other fields by paying the price of abandoning 
the Galilean interpretation of B(t) given in the previous section. Yet, this additional 
liberty allows for interesting results and will be exploited explicitly in the second paper of 
the present series. 



Following Arnowitt, Deser and Misner IJTULwe write the covariant and the contravariant 
four-dimensional metric in the form: 

-N 2 + YNiNj Nj 



9v» 



j_ 

N 2 

Q ll 

N 2 



N; 



Y 



9ij 

o jk 

y N k 

N 2 

o il q jk 

% N£g N k 

N 2 



(6.4) 



30 



where 3 g i j 3 g^ k = 5f. Then, neglecting surface terms, the action ( |6.1|) can be written: 



where: 



3pfc 

ij 

3p 

3 R 



K l3 



167TG 



dtdhfyN 3 R + Y k 3 g 3l (K^K kl -K ik K 



+mc / d\J(N 2 - 3 g i m i N j )t't' - NiX n t' - 3 gij x 



» x ,3 



det % 
2 

3pfc 

ik,j 

3ji 3d 



« 1 jfc 



ij Zfc 



1 

2iV 



1 ij,fe + L il L jk ~ 1 i-i 1 Z 
<9 3 # 



(extrinsic curvature) 



(6.5) 



(6.6) 



having denoted by the covariant three-space derivative with respect to the Christoffel 
connection of 3 g^ In terms of the notation we have previously introduced for the expansion 
of the covariant four-dimensional metric, we have 



9ij 
3 R 

Ni 
N 2 



R + -^Rxisij, jij) + ^R2(gij, jij, Pij) + O(^) 
Ai + \a { + -Ji + 0(h 



c 2©2 _ 2A + 



a - g l] aiAj - -j rs g n g s:, A i A j 



NKij =%j 



c 



where we have defined: 



.4 



Bij 
B (1) 



A - y ij AiAj 
l^Aj + ^jA- 9 -^] 



(6.7) 



(6i 
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Then, inserting eqs. ( |0| - |678D into eq. (|6.5|) , it follows: 
S = Sp + Sm = 



+c 



+ 



( — - — [ dtd 3 z,/q 
-m JdXQt' 
1 



16ttG 



dtd Zy/g 



QRt + ®g ij jijR - ^R + &g lk gi\B tJ B kl - B lk B 3l ) 



qr 2 + IgHjQRi + \g l3 Pv®R 



- \® (V V 7 - \g l3 g kl ) lijikiR - ^Ri 



B v a - g^A iaj + -Ag l ^ i3 + -j^g^A^j R - ^ . 



2 
.4 



+ -^V(%^ - B lk B w 



si j - -Q9 lk g 3r i rs g s \B l3 B kl - B lk B 3l ) 



+ Q^g lk g jl (BijB k i — B ik Bji) 



+m / dX 



m 
v 0f 



g i3 {x' 1 + g lk A k t'){x' 1 + g lk A k f) + A f£ 



+0(l/c 2 ) , 

so that the zero th -order term, identified as the total Action S, is: 
dtd 3 Zy/g 



(6.9) 



S 



16nG 



QR2 + ^gHfiRi + \g ij Pa®R 



\® (g lk g ]l - \g l3 g kl ) nmR - ^ 



A 2 



- (a - g ij A % a 3 + ^Ag ij li3 + ^j ij g il g jm AiA m ^ R-^p 



R 



2 
A 



+ ^ k gJ\B l3 Bti - B lk Bf 



(6.10) 



ji J ~ q£ fg or lr S g sl {B i3 B hl - BikBji) 



+ Q^g lk g jl (B i3 B k i — B ik B 3 i) 



+ m dX 



m 

'et 7 



g i3 (x n + g lk A k t!){x 11 + g lk A k t') + A t't 



We see that 27 fields survive the contraction, namely 6, A, A iy g i3 , a , lij, /%> where A 
has been used as independent variable instead of A ; on the other hand f3 and disappear 
at this order. 

Let us now look for the invariance of the Action. In section 3 we have shown that, 
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provided we assume the transformation properties ( 3.43| , the matter part of the Action 



( |6.10D is invariant under the gauged Galilei transformation). Now, in order to formulate 
the local Galilei invariance for the action fl6.10| ), appropriate gauge transformations for the 
fields jij, Pij, at and ao must be postulated. The correct choice is 

dfj k (x,t) df) k (x,t) 

5a = 2ea — ati— — (6-H) 
at 

Qfjj Qfjj 

J dx l ' 3 dt ' 



and, indeed, by direct calculation it turns out the the total variation of the Action (|6.10| ) 
under the transformation 5 defined by ( |3.7|) , (|3.43|) and (|6.11| ) is given by: 



SS = Jdtd 3 z\eC + QSC A l^-A rg ^) + QSC Ai ^ 



(6.12) 



8TrGdz i V © 2 'dzi J ) 

As a matter of fact, this result means that a quasi-invariance of the Galilean total Action 
( |6.10| holds, neglecting surface terms, modulo the Euler-Lagrange equations for the fields Ai 
(SCaJ an d A (££a) that are given by: 

~ Ja 



5Ai dz k 5d k Ai 

Let us remark that this peculiarity is precisely what it should be expected in the case of a 
variational principle corresponding to a singular Lagrangian. 



By analogy to the free mass-point case, the terms c 4 ... + c 2 ... of eqs.(|6.9|) could be 
rewritten as c 2 (M. + c 2 M) where M. + c 2 M ought to be interpreted as the central charge 
of the asymptotic Galilei group. To avoid an infinite central-charge, the theory should, in 
some sense, provide the condition M = automatically. The discussion of the asymptotic 
Galilei group will be dealt with in a separate paper. This analysis will require taking 
into account the 1/c 2 expansion of the neglected surface terms, as they are needed in the 
evaluation of the asymptotic Poincare group in the case of asymptotically-flat space-times 



[see for example ref.[23 
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7 Galilean Covariant Formulations of Newtonian 
Gravity 



7.1 The Newtonian Theory in Arbitrary Reference Frames 

In Section 4 it was shown that the field 0(i) has no real dynamical content since its 
effect amounts only to a redefinition of the evolution parameter t in the expression T(t) = 
/ o 'dr0(r) . It is easy to show that this fact is still true for its role within the total Action 
( |6.10| ). Indeed, if we redefine the fields A , Ai, a and as follows (see eq.( |4.4| ); from now 
on ^ will be replace by V), 



A EE 
Ai EE 
"0 = r x2 



Ao 
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02 

B, 



A 



A 
92 



at, = 







1 



R = 221 - _ 

13 - 2 



B,^ 



B {1) 




VjCKj + V ' jOii 



dgi 



dT 
dT 



A k g kl {Van + Van - ^aij) 



(7.1) 



the Action Q6.1Q ) becomes: 
S 



J dTd 3 zC 

- / dTd 3 z 

16nG 



R 2 - ARx 



+ 2g ik g jl {B ij B k ) ) - B ik B$) - 2g ik g^ rs g sl {B ij B kl - B lk Bj 



ik jr r 



+Ag lk g^(BijB kl - B lk Bj t ] 



+ m dTdz 



-Qui-, — h q ik A k ){- — h g' fc A fc ) + A 
2 yijy dT y JK dT y J 



where, for future convenience, we have introduced the notations 



S 3 [z-x(T)} 



(7.2) 



£1(0,7) = VgRi(g,i) + ^g ij ia\fgR 
R 2 {g,i,(3) = y/gR 2 (g,-f,P) + ^g ij lijRi 



(7.3) 



34 



It is then seen that the Action ( jT.2|) is independent of Q(t). 



For future reference we give here the explicit expressions of the quantities Ri and R%. 
They are: 

1 



V~9 



^ - L'^) + (<7 V - 9 ij 9 kl ) VfcVj/3, 



'J 



+V99 ab 9 ri 9 js lrs [V a V fe7 ii + ViV^afe - V a V l7ib - ViV«7bj] 
+V99 ah 9 ij 9 rs 



1 3 

V r 7i i V a 7 sfe - -V r 7ijV s 7 a6 + -V r7ia V s7i6 



:V r 7iaVj7 s6 - V r 7i s V a 7j6 



(7.4) 



We shall deal now with the problem of investigating the true dynamical degrees of 
freedom of the theory by means of a constraint analysis within the Hamiltonian formalism. 
The canonical momenta [/ = |£] are defined by: 



7T- 
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16ttG 



7 V - V) 



/'"WV + 9 ik 9 Jm 7mn9 nl 



9 m lmn9 n '9 kl -9 l3 9 km lmn9 nl ) 



+-^(9 ik 9 jl -9 ij 9 kl )B 
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7T« 



Pi 
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V9 



(g ik g Jl - g ij g kl )B 



kl 



% = 9iA%+9 ik A k )P[z-x{T)\ 
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7T 
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5A 
55 

5A- 







7IV 



7T 



55 

55 

55,- 



7T 



55 

5Aj 







(7.5) 



(7.6) 



Since the Lagrangian £ is independent of the corresponding velocities, the latter momenta 
define in fact 14 primary constraints. 
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The Dirac Hamiltonian density is given by: 

1 f (A 2 1 

H d = -^-^ < ARi -R2 + VgR f y + «o - 0^5, + ^lij9 ir 9 JS AA s 

^ G ' 1 N «■ « 1 V..<,...< 



+— — ^ifcffjj - ^9ij9ki J njn -^=— \ 9ik9ji ~ ^9ij9ki J irjtf*, 

[g lk i 3 i - ^Th) tt^'tt* 1 ( 7 - 7 ) 



-[a k - Ai9 ,3 lj$& - Aig lJ (f) k 

+ \ A 7l A + A a °7T Q0 + Aj7T* + Af< + Ag-TT^' , 

where we have introduced ad /joc notations for the following important quantities 



fc = 2^V fc 7r fc/ + p A; (5 3 [2- a :(T)] + 2V r [7r!; s 7 sfc ] -7r-V fc 7r S 

We will apply now the Dirac- Bergmann procedure. By imposing time-conservation of the 
primary constraints, we obtain the 14 secondary (not all independent) ones: 
1 



16nG 



71 J 



1 



13 16nG 



R ij - -g ij R 



~ 



7T 



= -^ + ^ [z _ x(T)] _^ + i^ 
+ 7^7^ - g ik ikig lm A m ) ~ 



167rG 
v 7 ^ D ju 



(7.9) 



< = $ fc + A - • 

An equivalent, more expressive, set of 10 secondary constraints is: 

Xa = y/gR ^ 
xl = y/gW-ly/gR-0 

Xi = -^Ri+m5'[z-x(T)]+ l ^(g tkgjl -^g^ ( 7 - 10 ) 
$ fc ~ 

By imposing time-conservation of the secondary constraints, we obtain the tertiary con- 
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straints in the form : 



Xr 



7T„ 



7T. 



2 Vv^, 



~ 



Xi 



(7.11) 





o , 



where A is the three-dimensional Laplace operator (A = V fe Vfc). In this way we get 
seven (not independent) tertiary constraints. Note in this connection that, because of the 
constraint R %i ~ 0, the covariant derivatives commute on the constraint's surface. Also, 
recall finally that all the fields' momenta are tensor densities of weight +1. 

At this point, it is expedient to introduced the well-known transverse-traceless-decompo- 
sition of symmetric tensors, which, due to the secondary constraint xk — 0, can now be 
referred to the globally flat metric (on the constraints surface) gij. Specifically: 



ir ij 


= 4 T + i\g ij KT- 




+ vv{ + v%i 


lij 


hj ~ 2 


9ijl T ~ 


A- l V l V ll T _ 


+ V, 7j L + V j7 f 


7C ij 
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= K j tt + \ [g ij ^T 


- a- 1 v i w^ iT ] + v^ L + v%; L 


Pij 


Hi 3 2 


<n, >' 7 - 




+ Vtff + V^f 


7T ij 




- A^V'V'V] + v% L + V%£ L 


\P 
\j 


\/3TT l 
»j ' 2 




- A _1 ViV J 'A /3T J + ViAf + V,Af 



(7.12) 



where g^ = V^ T J = 0, ^ = V^ T J = and g lf 4r = = 0, ^ T = 

Vj7r^ T = 0, gijftpTT = ViUpTj, = 0. In terms of these quantities, it can be seen that the 
chain that starts from the primary constraint ir l £ ~ gets contributions only from the TT 
part, TTprT- Consistently, the longitudinal and trace parts, 7r^ L and irpr, do not generate 
any chain. 



At this stage of the procedure, the constraints $ fc ~ 0, Xr — can be rewritten as: 
& = V fe V i7 r; L + Att* l 

= 167rG[A7r^ T + A-(V^ L + V%;J+^A-V fc 7r^ + V^V fc ^ L . 



(7.13) 
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It is then apparent from these expressions that, provided that the asymptotic boundary 
conditions are such as to allow the inference Af = ==>- f = 0, a condition that is also 
necessary to the inversion of the transverse-traceless decomposition, the constraints xk an d 
$ fc are equivalent to: 

(7.14) 



7 TT — 



7T 



, 

. 



Therefore we have in fact only three independent tertiary constraints, namely Xi — an d 



the two independent components of the first line of eqs.( [7.14[) . 



Using these conditions for reexpressing the constraints Xi — and xi — in terms of 
the transverse traceless variables, we obtain: 



Xi 



-^A 7 T + m5 3 [z - x(t)} 
lo7rG 

lQnGl 



+ 



V9 4 



-vr 7T • (A • V fc 7fc L ) + [|V l V, 7 T - (V,V, V fc 7fc L )] • (A(- 1 )V i V% 7T ) 



(7.15) 



167rG 7T 7 r 



- (A'^'vV^tt) ■ (A^ViV. 



7r 7r J 







At this stage we have the following situation: i) irpx — 0, 7r^ L ~ do not generate secondary 
constraints; ii) 7T ao ~ generate the secondary Xa — and no tertiary; Hi) ir l a ~ generate 
the secondaries $ l ~ 0, i.e. 7r* L ~ and no tertiary; iv) n % ~ generate the secondaries 
(pi ~ and no tertiary; v) ir^ — generates the secondary Xi — and then the tertiary 
Xi — 0; vi) 7Tg TT ~ (only two independent constraints) generate Xj? — (only two 
independent constraints due to the Bianchi identities) and then the two tertiaries xk — 0- 

We have only to find the quaternary constraints generated by the time derivatives of 
the tertiary constraints xi — and Xr — 0- While Xi — is given in appendix A, we have: 



••v 

Xr 



\/~9 * * tt IQtiG r „ 
x AA 7 £ T + [V r 7r 7T V s 7r 7 T 



2 ■ 167rG ltJ ' 2^g 

+ iV^V'A^^TT^ViV 5 ^ + iV^V^A^^Tr^ViV^T 



(7.16) 



-iVV^A^^TT^ATT^ + iV r V S 7T 7 T 







Before ending the discussion of these chains of constraints, let us remark that the relevant 
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sector of solutions of eqs. (|7.15|) is 

7T^„ ~ 

(7.17) 



V /£A 7 T ~ -167rGmS 3 [z - x(t)} . 



Using eqs.( [r.l7|) inside eqs.( [7.16j ), we get Xr — 2-wIg 9 lT 9'' s ^ / ^1rs T — 0, which implies 



7^ T ~ 0. By using eqs.( |7.17| ) and 7^ T ~ in \\ ( see Appendix A), we obtain 



V9 



A 7 T - 2A • V fc 7fe ) 9 ij + 2V i V J V fe 7fe 



• v,v, (i - | 7 r ) , 

which implies A — ~ as a relevant solution. Therefore we get in the end 

Al~ -A7tGmS 3 [z - x(t)) , (7.19) 

i.e. the Poisson equation in a three-dimensional general covariant form. This means that 
Xi — is the equation which replaces the Poisson equation in an arbitrary- absolute time 
respecting frame; the important result just obtained is that, provided that the Newton 
potential A Q = —(p, seen by the Galilean observers, is replaced by the effective potential 
A = — | 9 J Q 1 3 , then we get the Poisson equation for A as the most relevant solution 
(see Eq. f4.15| ) in every allowed reference frame. 



Some words should be spent about the "invariance" of Eq. (|7.19 ). Since we have shown 



in Eq. fl6.12|) that the Action is quasi-invariant modulo the equation of motion, one could 
expect that Eq.( |7.19|) be invariant under all the local Galilei transformations, just as all 



other equations are. Yet, this is not true because Eq.( |6.12 ) is not invariant under local 



Galilei boosts because it gets contributions from the cocycle term. This does not invali- 
dated the invariance of the theory, however. Indeed, since the Action is quasi-invariant 
modulo equations of motion, there is anyway a conserved charge associated to the boosts 



22]. Therefore, the full invariance of Poisson equation should be accounted for by the 



transformations generated by these conserved charge. 

Finally, time conservation of the quaternary constraints gives the quinquenary con- 
straints. One of these latter, precisely that following from the xi chain, fixes the multiplier 
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Xa- On the other hand, the chain originated by Xr continues along three more time deriva- 
tions. To avoid cumbersome expression, we give the simplified forms of the leading terms 
for the previous relevant sector; using all the constraints already worked out, it follows: 



(3) 

Xi = 


d 3 

dT* Xl 


~ -^L [(A 7 T - 2A • V fc 7fc L ) g ij + 2V*V J V fc 7fc L l • V t VjX A + ■■■■ - 

107TCt lv 7 J 


(3) rg 

Xr — 


d 3 

dT3 X R 


~ AAtt^ ~ 


(4) rs 

Xr — 


d A rs 

dT4 x R 


- v/ f«T AAA ^ T+ --^° 

lo7rG 


(5) rs 

Xr — 


d 5 

dT5 XR 


= fff AAAAf + .-.-O , 

107rG j 



(7.20) 



The last one ends the chain and fixes the transverse-traceless part A^- of the multipliers 

v 

Therefore, since A^ is determined from eq. ( [7.20| , the chain of tca — contains two pairs of 
second class constraints (tta,Xi), )• On the other hand, each of the two independents 

chains of 7Tg TT ~ contains three pairs of second class constraints (7r^ TT ,Xij rs ), {Xr ,X R rs ) , 
(x!r>x!r)) since the sixth time derivative of these primary constraints determine the two 
independent Dirac multipliers A^ TT . 

In conclusion there are 18 first-class constraints and 16 second-class constraints. While 
the variables A, r y T ,Pfj T , 7 ^ T and two components of are determined by half of the 
second-class constraints (the other half determines their canonical momenta), the variables 
Ai, 3 of the g^, ati, 7 f, do, ttt (conjugated to one of the g^), (3^ , (3 T are gauge variables 
(their conjugated variables are determined by the first-class constraints); correspondingly, 
the eleven Dirac multipliers Xi, X a °, A", A^ T , Af L remain arbitrary. 

Thus, apart from the particle degrees of freedom, no physical field degrees of freedom 
survive, as indeed it should be, and the role of the Newton potential is taken by A, which 
satisfies a Poisson equation in the most relevant sector of solutions. It would be interesting 
to see whether unconventional sectors are allowed corresponding to more general solutions 
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for the gravitational potential^. 

The logical connections of the various constraints involved is described in Fig.l, which 
summarizes what is being fixed by each chains. 



We can conclude this section by noting that, in force of eqs.( |7.10| ) and ( |7.11|) , the 
condition for the finiteness of the central-charge term is indeed satisfied, and that M = 
holds. It remains an open task that of performing the 1/c 2 expansion of the neglected 
surface term. It is likely that clarifying this issue will be relevant also to the understanding 
of the role of the cocycle contribution to the local Galilei transformations of the Poisson 
equation. 



7.2 The Newtonian Theory in Galilean Reference Frames 



Starting from the general scheme of the 21 -fields theory it is now interesting to see that, by 
confining to a post-Newtonian like |^TJ parameterization for the four-dimensional covariant 
metric tensor, defined by = 1, g^ = 5y, Ai = and A = —(p (i.e. the fields as seen by 
the Galilean observers: see Eq. ( |4.8| )), one obtains the maximum of similarity to Newton's 
theory, i.e. a non-generally covariant formulation which is valid only in Galilean reference 
frame connected by global Galilei transformations. It should be clear, however, that in this 
way we are dealing in fact with a different variational problem with respect to the previous 
one. Putting 



9nu 



2ip + 



2ao 
„2 



a, 



c 2 

Sij + 3 + % 

the explicit expressions of the quantities Ri and R2 defined in Eq.i 



(7.21) 



become: 



Ri 
R2 



S ij 8 rs [ji rjSj - 7y 



3 1 



(7.22) 



+S ij 5 rs [f3 ir}Sj -(3, 



This could possibly be of some interest in connection with the debate about the so-called fifth force 
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First class constraints 



corresponding gauge variables 
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Figure 1: What is being fixed by the constraints' chains for the 21 -fields theory. 
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and the total action S ( |6.10|) results: 
S = 



jg^j / dtd 3 z£f + m J dtd 3 z£ m 5 3 [z — x(t)] 



i 



WttG 



dtd 3 i 



(7.23) 



( lfi + l5^ %j )R 1 +R 2 

+mj dtd 3 z \5ijX l x j — ip 5 3 [z — x(t)} . 

It is seen that the matter Lagrangian C m has precisely the form which is to be expected 
for a Galilean observer if Eq. (|4.8|) are inserted in Eq.( |4.lD . Therefore (t,z) define a system 
of coordinates for a Galilean reference frame. 
Note that: 

(1) cto and a; do not appear in the lagrangian Cf] 

(2) Cf depends on in a pure additive way through the term S^S rs [p ir;S j — /% rs ] (see 
Eqs.( |7.22| )), which is again a surface term; moreover j3ij is not coupled to the other fields. 



We can put accordingly «o = cti — Aj = without altering the dynamics of this theory 
which indeed depends now on tp and jij only. 

Let us note, moreover, that the c 4 -order term in the expansion Q6.9Q is automatically 
zero in this case, while the c 2 -order term becomes: 



16nG 

The resulting Lagrangian is: 
1 



dtd 3 z 



Rx - lQnGm5\z - x{t)\ 



C 



16nG 









+ R' 2 


+ m 


^S i:j x l x J - <p 



5 3 [z-x(t)] 



(7.24) 



(7.25) 



where R' 2 = i?2|/3 r =0) does not depend on the velocities ip and 7^, so that all the field- 
momenta play the role of primary constraints. 

The Hamiltonian formulation is defined by: 



rs 
7 



7T ( 
7T. 
Pk 






mSkix 1 



1 



WnG 



d 3 z 



-(^ + \^ li] )R l -R' 2 



(7.26) 
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so that we have the 7 primary constraints: 

{ % ~ o . < 7 - 27 > 

The Dirac Hamiltonian is: 

/7 d = if c + y'^[A^(z,t)7r ¥ , + A^(z,t)7r!; s ] , (7.28) 

where the A's are the Dirac multipliers. Time-conservation of these constraints generate 
the 7 secondary constraints: 

X v (z,t) = -h v {z,t) = {n^(z,t),H d } = j^^Ri - m5\z - x(t)] ~ 



X y(z,t) = ny(z,t) = {*y(z,t),H d } 
1 

16ttG 



7TU I z z 

+ _ 5 ij 5 ra ]d r d s ip) ~ , 



(7.29) 



while their time conservation gives the following condition on X]j and X^: 

VvOM) = X<pfat) = {x v (z,t),H d } 



16 



^S rs [Xl SJ - Xl rs ] + p k 5 kl d l 5\z - x(t)] * 



^(z,t) = j%{z,t) = {${z,t),H d } (7 . 30) 

= {l [Sir6jS ~ l^^Whr. + Ks, ab - Kr,sb - KsJ 

+ [5 ir S JS - cW s ]<9 r <9 s A^} - . 

The secondary constraints are just the Euler-Lagrange field equations. Let us remark that 
the constraint ~ is just the expected condition for the vanishing of the c 2 term (|7.24 ) 



(in the Lagrangian description this term vanishes because of the Euler-Lagrange equation 
for ip). On the other hand, the mass-point equations are 

p k = {p k , H d [T]} = -md k Lp , (7.31) 

i.e. the standard Newton's equations with potential (p. Finally, evaluating Ri from the 
contraction S^xtf — and by substituting it in the constraint X f — 0, we obtain the 
classical Poisson equation for the potential ip(z,t), i.e.: 

5 ij did^{z, t) = AnGmd^z - x(t)\ . (7.32) 
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Let us remark that, if we put an inhomogeneous solution of eq. (|7.32|) into eq.( |7.31|) , one 



should get the motion of the particle under the usual field reaction; this gives rise to 
problems of self-energy similar to those of, e.g., the special relativistic electromagnetic 
case. 

In spite of what could appear from Eqs.( [7.30| ), not all the 7 secondary constraints are 
independent: as a matter of fact only four of them are independent and, correspondingly, 
only four multipliers are determined by eqs.( |7.3U| ). In order to see this explicitly, let us 
complete the constraint analysis of the theory. First of all, we note that three combination 
of the primary constraints, given by 

n fc = drf 1 , (7.33) 

are first class. This can be easily checked thanks to the fact that the following six relations 

diXj = 



W = o 



(7.34) 



hold identically. Consequently, one has to expect that three of the 7^ and three of the A^- 
are free quantities. In order to evidentiate explicitly the multipliers and the fields that are 
determined by the constraints, it is profitable again to parameterize 7^ and A?- in terms of 
the transverse-traceless decomposition of symmetric tensors, as: 



7« = c5 T +lh< T -A-ics] + ai+a 

XJj = ^hJ T + I &aX yT ~ A 1 AlJ + A7, + XJ 



(7.35) 



\j 1 3,* ' 



where 5 w Cj T = ^Clij = an d ^XjJ T = S^X^J — 0. In terms of these quantities, the 
secondary and tertiary constraints (Eqs. ([7.29|) and ( |7.30|) ) become: 

X v ^ AC T + l&irGmS^z - x(t)] ~ 

X% ~ [5 ir 5^-5»5 rs ]d r d s [(p-\C T ] + S ir 5' s d lm C^ m ^0 , ( '"' >b) 

ip v ~ AA 7T - \Q-KGp k 5 kl di5\z - x(t)] ~ 
^ ~ [5 ir 5 js - 5 ij 5 rs ]d r d s [X^ - \X^ T ] + S ir S^ s 5 lm X]^~ , 
respectively. The transverse-traceless decomposition shows that the equations Xy — 
cannot be solved for the fields Q and the multipliers X] . In particular, as to the multipliers, 
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we can solve only for: 

A 1/3 = X^[z;p k ,x k ] 

A7 t = X ^ T [z;p k ,x k ] (7.38) 

where asymptotic boundary conditions for the A's allowing for the inference Af = ==>- 
f = have been assumed. Substituting these expressions for the multipliers, the Dirac 
Hamiltonian becomes: 



Ha 



H c + / a?z 



7T„ 



(7.39) 



an expression which shows that the undetermined multipliers X] are associated to the first 
class constraints Il fc , as it must be. 

As a consequence, the variational problem must be independent of the quantities Q of 
Eqs.( |7.35| ). In fact, in terms of the transverse-traceless quantities, we have: 

r r, = -ac t 



R' 2 



T 



dF k [([?x T ,a 

dz k 



|^C T CJ - ^ 5 kl S ij Cj(A~ 1 ( T ) + i^^^(A- 1 C T )„(A- 1 C r ),, s / 



(7.40) 



-i < y«^ < r a (A- 1 c r ) )ir Cy. + ^ fc, ^'* M (A- 1 C T ),«Crj. • 

Thus, neglecting the total divergence F k , and thanks to suitable cancellations, the varia- 
tional problem for a Galilean observer, can be reformulated, as an effective theory, only in 



terms of £ and Q , in the form: 



S 



i 



<it<i 3 x 



16ttG 



SijX l x j — (p 5 3 [z — x(t)} 



(7.41) 



46 



Let us remark that in eq. (|7.41|) the term depending on (J- 1, is decoupled from the other de- 
grees of freedom. Therefore, in order to get a variational principle for the Poisson equation, 
only the auxiliary, non propagating, variable ( T is needed. 

This theory turns out to be quasi-invariant under the global infinitesimal transforma- 
tions, which constitute the kinematical group of the Galilean reference frames (|2.3|) , as it 
should be, provided that if is a scalar field and 7^ is a covariant space 2-tensor, i.e. 

I X 5(P = ° ir * m * 1 ( 7 - 42 ) 
I Hj = -w l [c u fc 7fei + V lik\ ■ 

As a consequence of these transformation properties, the transverse traceless components 
transform according to 

5( T = 



so that, finally, 



TT 



5S 



-Acu k c T k ?+c l3 k a T ] , 











/ dt 



(7.43) 



(7.44) 
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Appendix A: Explicit expression for the constraints xi 
of the 27-fields theory. 

Using the notations: f ;i = V,/, f' 1 = V 2 / and (K v ) = (WttG/ Jg), the explicit expression 
of the constraints Xi takes the form: 
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-A ■ V j + - ^ T .% T j + 



1 -mi t : 3 - t7^i t ^ t : 3 - 



YtjQ 1 ;ij7 ;fc ~ (^) ; * 7 J; fc 

:7 ;i 7 j:t + 7^tAu7 fe; - 



2 (A,) ' * ' " * {Kv y 

1 ji l ijk 1 ^ L 

2~(£g 7 ;ij7 fc; " ?^) 7 ij;k 7 ' ; 



1 y jjl j k 1 ^ j^j i k 

— A< A ^T^-fcA 7T 7T . ~^g-7 ;* A ^T^-feA 7T 7T . + 

\ »Jy L A —1 »j A —1 fei V v) A — 1 T A —1 »J A —1 kl . 
—j-li;jkA ^T; A i 7T 7T . -i-A V;^ A n "/T- A i 7T 7T . + 



^t^^a-v^^a- 1 ^;^ + (^) 7 ^ ;jfe A-% 7T; fe i A-v 7T ;^ - 



a — 1_,T A-l^ A-l^- *-? fcZ (^?) A-l^- ^ fe »j 

-g-A 7 ;ijA Tryr-fcjA tt 7T . —A ^r.^k ■ 



^7 TT y;fe fc A-V 7T; -vr 7T - (K^.jA-^n.r + 
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{Krj) a —I T A-W ^ fc ^ i C^g) ^ i 5 ( K v) a V 2, 
A 7 ;i jfcA 7T 7T . 7T 7T + ^ * l/^TT ^ A< 7^ + 

5 (-Kr?) T i 2 | (j^) L 1 3' 2 i (Krj) A -1_ A-l^ J 

16 7 ;i 7T 7 T + ^—7 i; j ^ 7 T + — §— A ^TTjij^ %T ; 

( K ) 3 4 ~ ■ i 

o 7!" 7 T - (-^r,)^;i7r 7 T7r 7 T. J + (-^M;^" 7T jT . ,Tl lT 3 - 

o ' ' 

^7 T ,A-X T; > 7T; J + ^tY^^ - 

(^hV, A ~St ; >7T ; fc - ^ivr 7T vr 7T; / + 
(^) t i j_ ( K n) l i 

—^T n-yTKjT.i + ^7 L l; *- 7 T7r 7 T./ + 

— -AA 7r 7T;i .tt 7T . - ——7 A 7r 7 T ; ^7r 7 r. - 
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